In this paper we present a two-term Machin-like formula for pi
Introduction
Machin-like formulas for pi can be generalized in form [1, 2] 
where α k and β k are integers or rationals. Since the Maclaurin series expansion of the arctangent function is given by arctan (x) = x − x Consequently, due to vanishing term O (x 3 ) one can expect a rapid improvement in accuracy of the arctangent function as its argument x decreases by absolute value. Therefore, it is more efficient to compute pi when arguments 1/β k of the arctangent function in equation (1) are smaller by absolute value.
The measure defined as
can be used to quantify the computational efficiency of the Machin-like formulas (1) for pi. In particular, Lehmer in his paper [1] stated that the measure (2) shows how much labor is required for a specific Machin-like formula to compute pi. From this statement it follows that the computational efficiency of the given Machin-like formula for pi is higher when its measure (2) is smaller. As we can see, the Lehmer's measure (2) decreases at smaller number of the arctangent function terms K and at larger values of the parameters β k by absolute value in the equation (1 that enabled him to compute the constant pi with correct number of digits exceeding one trillion [3] . This signifies a strong potential of the Machinlike formulas (1) even at relatively large Lehmer's measure. Therefore, the derivation of the Machin-like formulas for pi with reduced Lehmer's measure remains an interesting topic and many new identities have been reported in the modern literature [4, 5, 6, 7, 8, 9] by using, for example, the Todd's process described in the work [10] .
Since the identity π/4 = arctan (1) is the only Machin-like formula for pi with a single term [3] , this fact motivated us to develop a new methodology to gain computational efficiency by minimizing in equation (1) the number of terms to two with smaller arguments (by absolute value) of the arctangent function [11] .
In this paper we describe iteration procedure that can be used to simplify significantly the computation of a two-term Machin-like formula for pi with small Lehmer's measure. This approach leads to a rapidly convergent formula for pi consisting of the rational numbers only. In particular, the computational test demonstrates that each increment of the summation terms just by one contributes to 16 additional digits of the constant pi. We also show that the iteration method in determination of the expansion coefficients excludes all complex numbers in computation. The absence of the irrational and complex numbers as well as the rapid convergence and simplicity of the proposed formula may be promising in computing pi. Due to no any theoretical restrictions, the convergence rate of this formula for pi can be increased further. This is practically feasible since the Lehmer's measure decreases with increasing the integer k.
Algorithmic implementation 2.1 Iteration procedure
In our previous publication we have shown that the following equation [11] 
can be rewritten as a two-term Machin-like formula for pi as given by
where u 1 is a positive rational number such that
and
the equation (3) can also be represented in form
With equations (3), (4) and (5) it is very easy to derive the well-known formula for pi that was originally discovered in 1706 by English mathematician John Machin and named in his honor [12] . Particularly, at k = 3 we have
Assuming that the error term
from equation (4) it follows that u 1 = 5. Consequently, substituting k = 3 and u 1 = 5 into equation (5) we can readily find that
Using k = 3 and u 2 = −239 in equation (3) Although computation of the rational number u 2 is simple, the application of the formula (5) leads to some complexities due to rapidly growing power 2 k−1 as the integer k increases. For example, at k = 27 the value of the power becomes colossal 2 k−1 = 67108864. As a result, the determination of the value u 2 by straightforward application of equation (5) requires extended computer memory usage and becomes extremely time-consuming. However, these computational complexities can be successively resolved by applying the iteration procedure that we developed in this work.
Defining the real and imaginary parts as
respectively, the equation (5) can be conveniently rewritten in form
It is not difficult to see by induction that
where the numbers x n and y n can be found by the following iteration procedure
Consequently, from the equations (8) and (9) it follows that
Theorem 1
The value u 2 is real if u 1 is real.
Proof
Using de Moivre's formula we can write the complex number in polar form as follows
Consequently, applying this identity into equation (8) and representing x 1 and y 1 in accordance with equations (7a) and (7b), respectively, after some trivial rearrangements we obtain
From equation (4) it follows that
As a consequence, the following inequality
is satisfied to validate the relation between the principal value argument and the arctangent function as given by
Applying this relation, the equation (12) can be simplified and represented as
As we can see now the value u 2 is purely real since u 1 is real. This signifies that the imaginary part in the equation (11) must be zero. This completes the proof.
Corollary
Since the imaginary part of the equation (11) is zero, it follows that
Consequently, the equation (11) can be greatly simplified as
In our previous publication we have shown already that the value u 2 must be rational when the value u 1 is rational [11] . Here we show an alternative proof based on iteration.
Theorem 2
The value u 2 is rational if u 1 is rational.
Proof
Since the value u 1 is rational, the values x 1 and y 1 are also rationals as it follows from the equations (7a) and (7b). This signifies that all intermediate values x n and y n obtained by iteration with help of the set (10) are also rationals. Therefore, from equations (9), (10) and (14) it follows that u 2 must be rational since x k and y k are both rationals. This completes the proof.
Numerical results
At each successive step of iteration the number of the digits in x n and y n considerably increases. Therefore, with a typical desktop computer we could perform previously the computations up to k = 23 only [11] . In this work we applied a supercomputer provided at the Algonquin Radio Observatory, Canada. This enabled us to increase significantly the integer k up to 27.
According to the iteration procedure discussed above the rational number u 2 can be computed by using a simplified variation of the formula (14) as follows
where the notations num (. . .) and den (. . .) denote the numerator and denominator, respectively. This simplification is possible since two values x k and y k have same denominator. At k = 27 we obtain
We can choose the error term to be
Consequently, the rational number is u 1 = 85445659. Lastly, using the described iteration procedure we obtain 
The interested reader can download the computed rational number u 2 with all digits in the numerator and denominator [13] . (3), (4) and (5) it is not difficult to derive the two-term Machin-like formula for pi with Lehmer's measure e less than this value even at relatively small integer k. Let's take, for example, k = 6 and since 1 In fact, Lehmer also suggested to reduce the measure e from each term proportional to arctan 1 10 q , where q is a positive integer. However, Lehmer implied these reductions only for manual calculations and ruled them out if computer is applied. Therefore, without these reductions the value e ≈ 1.5279 is the smallest measure shown in the paper [1] . returns the output True 2 . At k = 27, u 1 = 85445659 and corresponding u 2 (see equation (15)) the Lehmer's measure (2) for the two-term Machin-like formula (3) for pi becomes e ≈ 0.245319. To the best of our knowledge this value of the Lehmer's measure is the smallest ever reported in scientific literature for the Machin-like formulas (1) for pi. For example, one of the smallest known nowadays Lehmer's measure e ≈ 1.51244 corresponds to the following sixterm Machin-like formula for pi [6] As we can see, the obtained Lehmer's measure is about 6 times smaller than that of corresponding to the six-term Machin-like formula for pi. Since the smaller Lehmer's measure characterizes the higher computational efficiency, the proposed two-term Machin-like formula for pi may be promising for computation of the constant pi.
Lehmer's measure
In 1938 Lehmer in his paper [1] showed the three-term Machin-like formula for pi 1 π 4 = 22 arctan 1 26 − 2 arctan 1 2057 − 5 arctan 38479 3240647 , with perhaps the smallest measure e ≈ 1.5279 known by that time. However, applying equations
Convergence
In our earlier publication we have derived a new formula for the arctangent function [11] arctan (x) = i
Recently Jesús Guillera found a simple and elegant proof of this formula for the arctangent function (see [11] for details). Despite simplicity the formula (16) demonstrates a very rapid convergence especially when its argument x tends to zero. Although the rational number u 2 requires a large number of digits in its numerator and denominator, nevertheless, due to relation
its application provides more rapid convergence of the second arctangent function in the two-term Machin-like formula (3) for pi. Consequently, the second term associated with rational number u 2 in the two-term Machinlike formula (3) for pi requires a smaller truncating integer in computation of the constant pi. As one can see, despite large number of the digits in numerator and denominator of the value u 2 , this computational approach may be advantageous in algorithmic implementation. Substituting equation (16) into the two-term Machin-like formula (3) for pi we have
The computational test reveals that with k = 27, u 1 = 85445659 and corresponding rational value u 2 (see equation (15) above), the truncated series expansion (17) provides 16 digits of pi per term increment. This convergence rate if faster than that of the Chudnovsky formula for pi
providing 15 digits of pi per term increment in truncation [12] . Furthermore, in contrast to the Chudnovsky formula for pi the proposed formula (17) consists of the rational numbers only. Any irrational number involved in computation requires all digits. Specifically, if the number pi is supposed to be computed up to one trillion digits, then any irrational number involved in computation must contain all trillion digits. Therefore, the absence of the irrational numbers may also be advantageous in the proposed formula (17) for pi.
There are several iteration-based algorithms providing enhanced convergence in computing pi. For example, the Brent-Salamin algorithm doubles a number of the correct digits of pi at each iteration [2, 12] and, therefore, just 25 iterations are sufficient to produce a value of pi correct to over 45 million digits. More rapid iteration algorithm, discovered by Borwein brothers, quadruples the number of correct digits at each iteration [2, 12] . One of the most rapid algorithms reported by Borwein et al. [14] provides quintic convergence that multiplies a number of the correct digits of pi by factor of 6 at each iteration step. However, despite tremendously rapid convergence these iteration-based algorithms require irrational numbers appearing over and over again at each consecutive step of iteration. Perhaps this is one of the main reasons explaining why the most recent records [15] in computing digits of pi were achieved by using the Chudnovsky formula that needs only one irrational number.
Applying equation (13) the two-term Machin-like formula (3) for pi can also be expressed alternatively in trigonometric form of the argument 1/u 2 of the arctangent function
as a complete analog of the equation (6) . Although iteration procedure described above is more efficient for computation, the equation (18) may be convenient to verify the results by using user-friendly mathematical languages like Mathematica or Maple.
The following is an example of the Mathematica code showing the convergence rate by using equations (16) and (18) It should be noted that the values in equation (18) sin 2 k−1 arctan 2u 1 u (13) and (14) . Figure 1 illustrates the Lehmer's measure e dependence on the integer k for the case when the rational value u 1 is computed according to the equation
where . . . denotes the floor function. The blue bars in Fig. 1 covering the range from k = 2 up to k = 27 are computed with exact values of the rational numbers u 1 while the red bars are computed by equation (13) . We found experimentally that the convergence rate is roughly equal to 4.1/e. Consequently, by extrapolation we can expect that the convergence rate at k = 34 can be increased up to 20 digits per term increment once the rational value u 2 is found on a supercomputer. The application of the equation (18) also predicts additional 20 correct digits of pi per term increment by one. 
Computational methodology
Although equation (17) is simple and involves no surd numbers, it, nevertheless, can be simplified further in order to exclude all complex values in computation. This is possible to achieve by using the iteration technique described in this section.
Applying the following expansion coefficients
one can express the series expansion for the arctangent function (16) as 
Consequently, the equation (21) can be conveniently rearranged as given by
The application of the Machin-like formulas (1) for pi may represent a considerable interest in the context of present-day computational mathematics since the arctangent function can be expanded into series with very rapid convergence especially at smaller values of the Lehmer's measure. Moreover, since the integer k in the equation (3) can be in principle arbitrarily large, we have no any theoretical restrictions to reduce further the Lehmer's measure. For example, one of the rapid formulas is the well-known series expansion discovered by Euler [16] arctan
that provides very high-accuracy especially when the argument x tends to zero. This tendency can be seen from the Fig. 2 showing how fast the error term 3 vanishes with decreasing the argument x by absolute value with just 10 summation terms in truncation. However, the numerical test reveals that the proposed series expansion (22) of the arctangent function is more faster in convergence by many orders of the magnitude as it can be seen from the 
where the corresponding expansion coefficients can be found by iteration as follows α 1 = 2u 1 , As we can see, the equation (24) is significantly simplified and excludes all complex numbers in computing pi. Error term, eq . 22 The following is an example of the Mathematica code implemented according to equation (24):
